In this paper a technique is suggested to integrate linear initial boundary value problems with exponential quadrature rules in such a way that the order in time is as high as possible. A thorough error analysis is given for both the classical approach of integrating the problem firstly in space and then in time and of doing it in the reverse order in a suitable manner. Time-dependent boundary conditions are considered with both approaches and full discretization formulas are given to implement the methods once the quadrature nodes have been chosen for the time integration and a particular (although very general) scheme is selected for the space discretization. Numerical experiments are shown which corroborate that, for example, with the suggested technique, order 2s is obtained when choosing the s nodes of Gaussian quadrature rule.
Introduction
Due to the recent development and improvement of Krylov methods [7, 11] , exponential quadrature rules have become a valuable tool to integrate linear initial value partial differential problems [9] . This is because of the fact that the linear and stiff part of the problem can be 'exactly' integrated in an efficient way through exponential operators. Moreover, when the source term is nontrivial, a variations-of-constants formula and the interpolation of that source term in several nodes leads to the appearance of some ϕ j -operators, to which Krylov techniques can also be applied.
However, in the literature [9] , these methods have always been applied and analysed either on the initial value problem or on the initial boundary value one with vanishing or periodic boundary conditions. More precisely, when the linear and stiff operator is the infinitesimal generator of a strongly continuous semigroup in a certain Banach space. In such a case, it has been proved [9] that the exponential quadrature rule converges with global order s if s is the number of nodes being used for the interpolation of the source term.
There are no results concerning specifically how to deal with these methods when integrating the most common non-vanishing and time-dependent boundary conditions case. The only related reference is that of Lawson quadrature rules [3, 4, 10] which differ from these methods in the fact that, not only the source term is interpolated, but all the integrand which turns up in the variations-of-constants formula. In such a way, with the latter methods, {ϕ j }-operators (with j ≥ 1) do not turn up. Only exponential functions (those corresponding to j = 0) are present. In [3] a thorough error analysis is given which studies the strong order reduction which turns up with Lawson methods even in the vanishing boundary conditions case unless some even more artificial additional vanishing boundary conditions are satisfied. Nevertheless, in [4] , a technique is suggested to avoid that order reduction under homogeneous boundary conditions and to even tackle the time-dependent boundary case without order reduction. Moreover, the analysis there also includes the error coming from the space discretization.
The aim of this paper is to generalize that technique to the most common quadrature rules which are used in the literature and which also use {ϕ j }-operators. Besides, we also include the error coming from the space discretization not only when avoiding order reduction but also with the classical approach. We will see that, with the technique which is suggested in this paper, we manage to get the order of the classical quadrature interpolatory rule, which implies that, by choosing the s nodes carefully, we can manage to get even order 2s in time.
The paper is structured as follows. Section 2 gives some preliminaries on the abstract framework in Banach spaces which is used for the time integration of the problem, on the definition of the exponential quadrature rules and on the general hypotheses which are used for the abstract space discretization. Then, Section 3 describes and makes a thorough error analysis of the classical method of lines, which integrates the problem firstly in space and then in time. Both vanishing and nonvanishing boundary conditions are considered there and several different results are obtained depending on the specific accuracy of the quadrature rule and on whether a parabolic assumption is satisfied. After that, the technique which is suggested in the paper to improve the order of accuracy in time is well described in Section 4. It consists of discretizing firstly in time with suitable boundary conditions and then in space. Therefore, the analysis is firstly performed on the local error of the time semidiscretization and then on the local and global error of the full scheme (21),(26), (27) . Finally, Section 5 shows some numerical results which corroborate the theoretical results of the previous sections.
Preliminaries
As in [4] , we consider the linear abstract initial boundary value problem in the complex Banach space X u
where D(A) is a dense subspace of X and the linear operators A and ∂ satisfy the following assumptions:
(A2) Ker(∂) is dense in X and A 0 : D(A 0 ) = Ker(∂) ⊂ X → X, the restriction of A to Ker(∂), is the infinitesimal generator of a C 0 -semigroup {e tA 0 } t≥0 in X, which type is denoted by ω, and we assume that it is negative.
(A3) If z ∈ C satisfies Re(z) > ω and v ∈ Y , then the steady state problem
possesses a unique solution denoted by x = K(z)v. Moreover, the linear operator
where the constant L holds for any z such that Re(z) > ω 0 > ω.
As precisely stated in [4, 12] , with these assumptions, problem (1) is well-posed in BV /L ∞ sense. Moreover, as ω is negative, the semigroup e tA 0 decays exponentially when t → 0 and the operator A 0 is invertible.
We also remind that, because of hypothesis (A2), {ϕ j (tA 0 )} ∞ j=0 are bounded operators for t > 0, where {ϕ j } are the standard functions which are used in exponential methods [9] :
It is well-known that they can be calculated in a recursive way through the formula
and that these functions are bounded on the complex plane when Re(z) ≤ 0. We also assume that the solution of (1) satisfies that, for a natural number p,
When A is a differential space operator, this assumption implies that the time derivatives of the solution are regular in space, but without imposing any restriction on the boundary. Because of Theorem 3.1 in [1] , this assumption is satisfied when the data u 0 , f and g are regular and satisfy certain natural compatibility conditions at the boundary. Moreover, as from (1),
the following crucial boundary values
can be calculated from the given data in problem (1). We will center on exponential quadrature rules [9] to time integrate (1) . When applied to a finite-dimensional linear problem like
where B is a matrix, these rules correspond to interpolating F in s nodes {c i } s i=1 in the integral in the equality
which is satisfied by the solutions of (6) when t n+1 = t n + k. This yields
with weights
where l i are the Lagrange interpolation polynomials corresponding to the nodes {c i } s i=1 . We will define the values {a ij } s i,j=1 in such a way that
From this,
for the functions ϕ j in (2), and the final formula for the integration of (6) is
We will consider an abstract spatial discretization which satisfies the same hypotheses as in [4] (Section 4.1) and which includes a big range of techniques. In such a way, for each parameter h in a sequence {h j } ∞ j=1 such that h j → 0, X h ⊂ X is a finite dimensional space which approximates X when h j → 0 and the elements in D(A 0 ) are approximated in a subspace X h,0 . The norm in X h is denoted by · h . The operator A is then approximated by A h , A 0 by A h,0 and the solution of the elliptic problem
is approximated by R h w + Q h g, where R h w ∈ X h,0 is called the elliptic projection, Q h g ∈ X h discretizes the boundary values and the following is satisfied:
for a projection operator L h : X → X h,0 . We will also use P h = L h − L h Q h ∂ and we remind part of hypothesis (H3) in [4] , which states that, for a subspace Z of X with norm · Z , whenever u ∈ Z,
for ε h decreasing with h and, therefore, this gives a bound for the error in the space discretization of operator A.
Moreover, we will assume that this additional hypothesis is satisfied:
h,0 A h Q h h is bounded independently of h for small enough h. Considering (10), this in fact corresponds to a discrete maximum principle, which would be simulating the continuous maximum principle which is satisfied because of (A3) when z = 0.
3 Classical approach: Discretizing firstly in space and then in time
When considering vanishing boundary conditions in (1) (which has been classically done in the literature with exponential methods [9] ), discretizing first in space and then in time leads to the following semidiscrete problem in X h,0 :
When integrating this problem with an exponential quadrature rule which is based on s nodes (9), the following scheme arises:
Denoting by
is the result of applying (12) from U h (t n ) instead of U n h ; and e h,n+1 to U h (t n+1 ) − U n+1 h the following result follows:
where the constants in Landau notation are independent of k and h.
Proof. (i) comes from the fact that the difference between f (t n +kτ ) and its interpolant I(f (t n + kτ )) in those nodes is O(k s ). More explicitly, by using (7) and the definition ofŪ
Now, taking into account hypotheses (H1)-(H2) in [4] , e k(1−τ )A h,0 and L h are bounded with h, and the result follows.
Then, (ii) is deduced from the classical argument for the global error once the local error is bounded. Finally, (iii) comes from (ii) and the decomposition
by noticing that, for the first term, as g = 0, it happens that
We also have this finer result, which implies global order s+1 under more restrictive hypotheses.
integrates exactly polynomials of degree less than or equal to s and this bound holds
Then,
Proof. To prove (i), it suffices to consider the following formula for the interpolation error which is valid when f ∈ C s+1 :
Then, substituting in (13) and multiplying by A −1
where we have used (3), (H1)-(H2) in [4] and the fact that the integral in brackets vanishes because the interpolatory quadrature rule is exact for polynomials of degree s.
As for (ii), a summation-by-parts argument like that given in [5] for splitting exponential methods also applies here because of hypothesis (14) and the fact that f ∈ C s+2 . Finally, (iii) follows in the same way as in the proof of Theorem 1.
Remark 3.
Notice that, when A h,0 is symmetric with negative eigenvalues and · h is the discrete L 2 -norm, kA h,0 n−1 r=1 e rkA h,0 h coincides with its spectral radius. As, for each eigenvalue λ h ,
and this is bounded in the negative real axis, (14) follows. In fact, this bound has been proved in [8] for analytic semigroups covering the case in which (1) corresponds to parabolic problems. Therefore it seems natural that it is also satisfied by a suitable space discretization.
On the other hand, when g ≡ 0 in (1), the semidiscretized problem which arises is
In a similar way as before, the local error would be given by
. However, although L h Q h and P h are bounded [4] , A h Q h is not bounded any more. That is why we state the following result which bounds in fact A −1 h,0 ρ h,n by using (HS) and which proof for the global error is the same as in Theorem 2.
, and the bound (14) holds. Then,
Remark 5. As in Remark 3, if A h,0 is a symmetric matrix with negative eigenvalues and the discrete L 2 -norm is considered, kA h,0 e k(1−θ)A h,0 h coincides with its spectral radius. As for each eigenvalue λ h of A h,0 ,
considering this in the first part of (15) explains that the local error ρ h,n behaves as O(k s ) under the rest of hypotheses of Theorem 4.
In any case, we want to remark in this section that accuracy has been lost with respect to the vanishing boundary conditions case since order reduction turns up at least for the local error and, in many cases, also for the global error.
Suggested approach: Discretizing firstly in time and then in space
In this section, we directly tackle the nonvanishing boundary conditions case by discretizing in a suitable way firstly in time and then in space. We will see that we manage to get at least the same order as with the classical approach when vanishing boundary conditions are present, but even a much higher order some times. Let us suggest how to apply the exponential quadrature rule (9) directly to (1). When g = 0, B in (9) is directly substituted by A 0 and there is no problem because e kA 0 and ϕ j (kA 0 ) have perfect sense over X. However, it has no sense to do that when g = 0 because A is not A 0 any more. For Lawson methods, for which just exponential functions appear, instead of e τ A 0 α, it was suggested in [4] to consider v 0 (τ ) as the solution of
which resembles the formal analytic expansion of the exponential of τ A applied over α.
In this manuscript then, whenever α ∈ D(A p ), for j = 1, . . . , s, instead of ϕ j (τ A 0 )α, we suggest to consider the following functions :
This resembles the formal analytic expansion of ϕ j when evaluated at τ A and applied over α. (Notice that, for j = 0, this would correspond to (17) changing p by p − 1. As the functions ϕ j are multiplied by k in (9), we need one less term in this expansion.) Therefore, imitating (9), we suggest to consider as continuous numerical approximation u n+1 from the previous u n ,
It is not practical to discretize directly this formula in space since numerical differentiation is a badly-posed problem. However, if we seek a differential equation which the functions (18) satisfy and apply a numerical integrator to it, there should be no problems. For that, let us first consider the following lemma.
Proof. It suffices to differentiate considering (2),
From here, the next result follows: (18) satisfies the following initial boundary value problem:
Proof. Notice that, using Lemma 6,
On the other hand,
where the change m = l+1 has been used in the second line for the first sum. Therefore, the lemma is proved taking also into account that
With Lawson methods [4] , starting from a previous approximation U h,n to P h u(t n ) and discretizing (16) in space with α = u(t n ) in ∂v 0 (τ ) led to a term like
which is the approximation which corresponds to the first term in (9) . For the rest of the terms in (9), we suggest to discretize (20) in space with α = f (t n + c i k). In such a way, the following system turns up:
This can be rewritten as
With the same arguments as in Lemma 6,
Therefore, in order to solve (22), we are interested in finding
which is the solution of
Now, using the first line of (20) for the boundary with α = f (t n + c i k),
the fact that
and that the boundary of the second term vanishes, it follows that
Using this in (24),
Therefore, using (23),
and the overall exponential quadrature rule would be given by
with V h,n,0 (k) in (21) and V h,j,n,i (k) in (26).
Time semidiscretization error
Let us first study just the error after time discretization. The local truncation error is well-known to be given by ρ n = u(t n+1 ) −ū n+1 , whereū n+1 is given by expression (19) substituting u n by u(t n ). Let us first consider the following general result, which will allow to conclude more particular results depending on the choice of the values {c i } s i=1 . Lemma 8. Under the assumptions of regularity (4), the local truncation error satisfies
Proof. Notice thatū n+1 can be written as
where the Taylor expansion of f (t n +c i k) has been used as well as changes of subindexes. As, according to (5),
the result follows.
Theorem 9. If p = s in (4) and (19), for any nodes {c
Proof. It suffices to take into account that any polynomial of degree ≤ s − 1 coincides with its interpolant on the nodes {c i } 
is assumed to be exact for the polynomial θ s ,
From this, the result also directly follows.
We now state the following much more general result:
Theorem 11. Whenever the nodes {c i } s i=1 are such that the interpolatory quadrature rule which is based on them is exact for polynomials of degree ≤ p − 1, considering that value of p in (4) and (19), ρ n = O(k p+1 ).
Proof. It suffices to notice that, for 0 ≤ r ≤ m − 1, with m ≤ p, due to the hypothesis, 
Then, using Lemma 8, the result directly follows.
From this, the following interesting results are achieved:
(i) For the s nodes corresponding to a Gaussian quadrature rule, considering p = 2s in (4) and (19), ρ n = O(k 2s+1 ).
(ii) For the s nodes corresponding to a Gaussian-Lobatto quadrature rule, considering p = 2s − 2 in (4) and (19), ρ n = O(k 2s−1 ).
Remark 13. Due to the fact that the last node of one step is the first of the following, the nodes corresponding to the Gaussian-Lobatto quadrature rule have the advantage that just s(s − 1) (instead of s 2 ) terms of the form V h,n,j,i must be calculated in (27).
Full discretization error
Let us also consider the error which arises when discretizing (16) and (20) in space.
Local error
To define the local error after full discretization, we consider
where
(ii)V h,n,j,i (τ ) is the solution of (22) 
Then, we define ρ h,n = R h u(t n+1 ) −Ū h,n+1 and the following is satisfied.
Theorem 14.
Let us assume that, apart from hypotheses of Section 2, u and f in (1) satisfy
Then, ρ h,n = O(kε h + ρ n ), where the constant in Landau notation is independent of k and h and the bounds in Section 4.1 hold for ρ n .
Proof. Because of definition,
whereū n and ρ n are those defined in Section 4.1. The fact that (29) is satisfied implies thatū n+1 belongs to Z and therefore ρ n ∈ Z. Moreover, ρ n Z = O( ρ n ) and, using the same proof as that of Theorem 11 in [4] ,
wherev 0,n corresponds to (17) with α = u(t n ) and v j,n,i (τ ) corresponds to (18) with α = f (t n + c i k). In the same way as in the proof of Theorem 4.4 in [4] ,
Moreover, using Lemma 7,
and making the difference with (28), it follows that
where we have used that
because of Lemma 7. Now, due to the same lemma and (28), R h v j,n,i (0)−V h,n,j,i (0) = 0, and therefore
Here we have used that Av j,n,i ∈ Z because of (29) and Lemma 3.3 in [4] . Finally, gathering (30)-(34), the result follows.
Global error
We now study the global error, which we define as e h,n = P h u(t n ) − U h,n .
Theorem 15. Under the same assumptions of Theorem 14,
where the constant in Landau notation is independent of k and h and the bounds in Section 4.1 hold for ρ l .
Proof. As in the proof of Theorem 4.5 in [4] ,
The difference is that now, using (27),
As forV h,j,n,i (k) − V h,j,n,i (k), making the difference between (28) and (22),
Considering then an analogue of Lemma 6 substituting A 0 by A h,0 and taking into account that ϕ j (0) = 1/j! (3),
Therefore,
This implies that
which, together with the first line of (27), (11), (35) and Theorem 14, implies the result.
Numerical experiments
In this section we will show some numerical experiments which corroborate the previous results. For that, we have considered parabolic problems with homogeneous and non-homogeneous Dirichlet boundary conditions for which X = L 2 (Ω) for a certain spatial domain Ω and g ∈ H 1 2 (Ω). The fact that these problems can be well fitted under the theory of abstract IBVPs is well justified in [4, 13] . Moreover, other types of boundary conditions can also be considered although we restrict here to Dirichlet boundary conditions just for the sake of brevity.
As for the space discretization, we have considered here both the standard symmetric 2nd-order finite differences and collocation spectral methods in 1 dimension. For the former, it was already well justified in [4] that the hypotheses which are required on the space discretization are satisfied, at least for the discrete L 2 -norm, Z = H 4 (Ω) and ε h = O(h 2 ). Besides, a discrete maximum principle (hypothesis (HS)) is well-known to apply [14] . With the collocation spectral methods, those hypotheses are also valid with the discrete L 2 -norm associated to the corresponding Gaussian-Lobatto quadrature rule ( · h,GL ), Z = H m (Ω) and ε h = O(J 2−m ) [2, 6] , where J + 1 is the number of collocation nodes, which is clearly inversely proportional to the diameter space grid h. In such a way, the more regular the functions are, the quicker the numerical solution of the elliptic problems converges to the exact solution.
Besides, although in the collocation case the matrix A h,0 is not symmetric any more, Remarks 3 and 5 still apply. Notice that, for every matrix B of dimension
where D J denotes the diagonal matrix which contains the square root of the coefficients of the quadrature rule corresponding to the interior Gauss-Lobatto nodes {x j } J−1 j=1 . (We will denote them by {α j } J−1 j=1 .) Because of this, when
J is symmetric comes from the following:
where {L j (x)} are the Lagrange polynomials associated to the interior Gauss-Lobatto nodes and those at the boundary. As {L j (x)} J−1 j=1 vanish at the boundary, integrating by parts, for every i, j ∈ {1, . . . , J − 1},
As the integrand in the left-hand side is a polynomial of degree 2J −2, the corresponding Gaussian-Lobatto quadrature rule integrates it exactly. Therefore,
where, for the last equality, the role of i and j has been interchanged. From this, and using (36) again,
J is symmetric, the matrix inside · h is also symmetric and therefore
Secondly, the eigenvalues of A h,0 are negative. This is due to the following: For every polynomial which vanishes at the boundary such that p(x) ≡ 0,
and using the Gauss-Lobatto quadrature rule and the definition of Lagrange polynomials,
J has negative eigenvalues and so has A h,0 .
For both types of discretizations which have been considered here, L h Q h ∂ ≡ 0 and therefore formulas (21) and (26) simplify a little bit. However, other possible discretizations (as those considered in [4] ) are also possible, for which that simplification cannot be made.
In all cases, we have considered the one-dimensional problem
with the corresponding functions f , u 0 , g 0 and g 1 which make that u(x, t) = x(1 − x)e −t or u(x, t) = e x−t are solutions of the problem. These functions satisfy regularity hypotheses (4) and (29) for any natural number p.
Trapezoidal rule
We begin by considering the trapezoidal rule in time and the second-order finite differences in space. We have considered h = 10 −3 so that the error in space is negligible. The trapezoidal rule corresponds to s = 2 but is just exact for polynomials of degree ≤ 1. Therefore, one of the hypothesis of Theorem 2 is not satisfied and we can just apply Theorem 1 when discretizating firstly in space and then in time with the solution which satisfies g 0 (t) = g 1 (t) = 0. That theorem states that, with respect to the time stepsize k, the local and global error should show orders 3 and 2 respectively and we can check that really happens in 
technique which is suggested in this paper (27) with p = 2, Theorems 9, 14 and 15 state that also the local and global error should show orders 3 and 2 respectively and that is what we can in fact observe in the same table. We can see that, although the local order is a bit more clear with the suggested technique, the size of the errors is slightly bigger with the suggested approach. Therefore, it seems that, in this particular problem, the error constants are bigger with the suggested technique and it is not worth the additional cost of calculating terms which contain ϕ 3 (kA h,0 ) and ϕ 4 (kA h,0 ). The comparison is more advantageous for the suggested technique when the solution is such that it does not vanish at the boundary. Then, Theorem 4 and Remark 5 state that the local and global error should show order 2 with the classical approach and that can be checked in Table 5 .1. However, with the suggested strategy, as with the vanishing boundary conditions case, the theorems in this paper prove local order 3 and global order 2, which can again be checked in the same table. The fact that we manage to increase the order in the local error makes that the global errors, although always of order 2, are smaller with the suggested technique than with the classical approach. Nevertheless, the comparison between both techniques will be more beneficial for the technique which is suggested in the paper when the classical (non-exponential) order of the quadrature rule increases. 
Simpson rule
In this subsection we consider Simpson rule in time and a collocation spectral method in space with 40 nodes so that the error in space is negligible. As Simpson rule corresponds to s = 3 and the interpolatory quadrature rule which is based in those 3 nodes is exact for polynomials of degree ≤ 3, we can take p = 4 in Theorem 10 and achieve orders 5 and 4 for the local and global error respectively with the technique suggested here. However, with the classical approach, at least in the common case that g(t) ≡ 0, Theorem 4 and Remark 5 give just order 3 for the local and global error. These results can be checked in Table 5 .2. Moreover, the size of the global error, even for the bigger timestepsizes is smaller with the suggested technique.
We also want to remark here that the trapezoidal and Simpson rules correspond to Gauss-Lobatto quadrature rules with s = 2 and s = 3 respectively and therefore Corollary 12 (ii) and Remark 13 apply.
Gaussian rules
In order to achieve the highest accuracy given a certain number of nodes, we consider in this subsection Gaussian quadrature rules. More precisely, those corresponding to s = 1, 2, 3, 4. As space discretization, we have considered again the same spectral collocation method of the previous subsection. Following Corollary 12 (i) and Theorem 14, even for non-vanishing boundary conditions, taking p = 2s in (21) and (26) the local error in time should show order 2s + 1 and the global error, using Theorem 15, order 2s. This should be compared with the order s + 1 which is proved for the classical approach when g(t) ≡ 0 in Theorem 2 and the order s for the local and global error when g(t) ≡ 0, which comes from Theorem 4 and Remark 5. In Tables 5.3 and 5.3 we see the results which correspond to s = 1 and s = 2 respectively for the vanishing boundary conditions case. Although for s = 1 there is not an improvement on the global order for the suggested technique, the errors are a bit smaller. Of course the benefits are more evident with s = 2. For the non-vanishing boundary conditions case, Tables 5.3 Table 5 : Gaussian rule with s = 2, J = 39, u(x, t) = x(1 − x)e −t the classical approach. Not only the order is bigger but also the size of the errors is smaller from the very beginning. We notice that the global order is even a bit better than expected for the first values of k.
Finally, although it is not an aim of this paper, in order to compare roughly the results in terms of computational cost, let us concentrate on Gaussian quadrature rules of the same order 2s when integrating a non-vanishing boundary value problem. When considering 2s nodes with the classical approach, 2s evaluations of the source term f must be made at each step and the 2s operators {ϕ j (kA h,0 )} 2s j=1 are needed, which will be multiplied by vectors with all its components varying in principle at each step. However, with the suggested technique and s nodes, just s evaluations of the source term f must be made although 3s operators {ϕ j (kA h,0 )} 3s j=1 are needed. Nevertheless, from these 3s, just the first s of them are multiplied by vectors which change independently in all their components at each step. The other 2s are multiplied by vectors which just contain information on the boundary. Therefore, with finite differences many components vanish and, with Gauss-Lobatto spectral methods, those vectors are just a time-dependent linear combination of two vectors which do not change with time. With Gauss-Lobatto methods, as A h,0 is not sparse but its size its moderate, we have calculated once and for all at the very beginning e kA h,0 , ϕ j (kA h,0 ), j = 1, . . . , s and the two necessary vectors derived from ϕ j (kA h,0 ), j = s + 1, . . . , 3s. Then, in (27) the terms containing the former at each step require O(J 2 ) operations while the Table 7 : Gaussian rule with s = 2, J = 39, u(x, t) = e x−t terms containing the latter just require O(J) operations. With finite differences, as the matrix A h,0 is sparse and usually bigger, we have applied general Krylov subroutines [11] to calculate all the required terms at each step.
We offer a particular comparison for order 2 with Gauss-Lobatto spectral space discretization on the one hand and 2nd-order finite differences on the other, and considering the implementation described above in each case. In Figure 1 we can see that, for the former, the suggested technique is more than twice cheaper than the classical one and, with the latter in Figure 2 , the comparison is not so advantageous for the suggested technique but it is still cheaper than the classical approach. We also remark that, in any case, the more expensive the source function f is to evaluate, the more advantageous the suggested technique with s nodes will be against the classical approach with 2s nodes. Error against CPU time when integrating problem (37) with exact solution u(x, t) = e x−t , using second-order finite differences in space and, in time, the classical approach of Gaussian rule with s = 2 (pink circles) or the suggested technique for midpoint rule (blue asterisks)
